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Maximum: Design a comparator network for finding the maximum: given n elements, return a permutation
of elements where the last value is the largest one, and the remaining are in arbitrary order.

Maximum lower bound: Show that to determine the maximum of n numbers, Q(logn) layers of comparators
are needed, and in total one needs Q(n) comparators.

AND OR NOT:. Show that any Boolean k bit function (given by a table) can be expressed using the AND,
OR, and NOT gates. (Bonus: show that it can be done by only using the NAND gate, which computes from
two inputs the negation of the AND function. It suffices to show that other gates, e.g. AND OR NOT, can be
expressed using NANDs.)

What is the depth of the circuit, and how many gates are needed?

Highest bit: Design a circuit of depth O(logn) and of size O(n) which nulls all bits except the left-most (most
significant) one, e.g. for input 0110 it returns output 0100.

Multiplication: We know how to add two n bit numbers using a circuit of depth O(logn) and size O(n). Using
this circuit design as small a circuit as possible which multiplies two n bit numbers on input. (Hint: consider
what multiplication looks like in binary. Next, try to reduce, in constant parallel time, adding three numbers
to adding two numbers.)

Complicated functions: Show that for now ¢ > 0 is it true that every k-input boolean function is computable
by a circuit with O(k¢) gates. Hint: how many boolean functions are there with k inputs? and how many circuits
with O(k°) gates?
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